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Abstract

Capillary suspensions are three-phase mixtures containing a solid particulate phase, a continuous liquid phase, and a second immiscible liquid
forming capillary bridges between particles. Capillary suspensions are encountered in a wide array of applications including 3D printing, porous
materials, and food formulations, but despite recent progress, the micromechanics of particle clusters in flow is not fully understood. In this work,
we study the dynamics of meniscus-bound particle clusters in planar extensional flow using a Stokes trap, which is an automated flow control tech-
nique that allows for precise manipulation of freely suspended particles or particle clusters in flow. Focusing on the case of a two-particle doublet,
we use a combination of experiments and analytical modeling to understand how particle clusters rearrange, deform, and ultimately break up in
extensional flow. The time required for cluster breakup is quantified as a function of capillary number Ca and meniscus volume V . Importantly, a
critical capillary number Cacrit for cluster breakup is determined using a combination of experiments and modeling. Cluster relaxation experiments
are also performed by deforming particle clusters in flow, followed by flow cessation prior to breakup and observing cluster relaxation dynamics
under zero-flow conditions. In all cases, experiments are complemented by an analytical model that accounts for capillary forces, lubrication
forces, hydrodynamic drag forces, and hydrodynamic interactions acting on the particles. Results from the analytical models are found to be in
good agreement with experiments. Overall, this work provides a new quantitative understanding of the deformation dynamics of capillary clusters
in extensional flow.© 2024 Published under an exclusive license by Society of Rheology. https://doi.org/10.1122/8.0000805

I. INTRODUCTION

Capillary state suspensions are formed by adding a second
immiscible liquid to a particle suspension, resulting in the
formation of particle clusters bound by liquid capillary
bridges [1,2]. Capillary suspensions are a remarkably simple
class of materials with tunable properties and are encountered
in a wide range of applications such as low fat food formula-
tions, 3D printing, porous ceramics, and conductive pastes
for printed electronics [3–10]. In addition, the transition of a
mixture from a fluidlike two-phase suspension to a gel-like
capillary suspension [2] can be used to overcome issues
related to particle sedimentation [11] and to enhance yield
stress [1,12]. Despite their importance in industrial applica-
tions, mixing operations for preparing capillary suspensions
remain largely empirical [13,14]. From this view, we lack a
complete understanding of the rheology and fluid mechanics
required to control and manipulate the dynamic microstruc-
ture of capillary suspensions in flow.

The wetting of solid particles by a second liquid leads to
clustering, resulting in the formation of liquid-bound particle
clusters that serve as the building blocks of capillary suspen-
sions. Early experimental work focused on measuring the
capillary force on particles in the presence of a liquid bridge.
MacFarlane and Tabor calculated the force of adhesion due
to surface tension between a flat plate and a bead covered in
a thin film of liquid for a stationary system [15]. In 1965,
Mason and Clark designed a method to measure the forces
exerted on two polyethylene hemispheres by liquid bridges
of a di-n-butyl phthalate/liquid paraffin mixture suspended
in water [16]. Mason and Clark used relatively large parti-
cles (radius R ¼ 1:5 cm) to facilitate facile and accurate
experimental measurements because interparticle forces are
expected to increase proportionately with particle size.
Over the last few decades, improvements in experimental
techniques have allowed for more accurate measurements of
smaller magnitude capillary forces. Willett et al. measured
capillary forces using a sensitive microbalance interfaced
with a computer, enabling measurement of a wide range of
particle radii and bridge volumes [17].

The discussion thus far has been restricted to static forces
wherein the particle motion is sufficiently slow to be regarded
as quasistatic. Shifting the focus to forces between moving

a)Author to whom correspondence should be addressed; electronic mail:
cms@illinois.edu

© 2024 Published under an exclusive license by Society of Rheology.
J. Rheol. 68(3), 397–413 May/June (2024) 397

 05 April 2024 14:23:45

https://doi.org/10.1122/8.0000805
https://orcid.org/0009-0009-4180-3137
https://orcid.org/0000-0001-7541-1355
https://orcid.org/0000-0001-6023-2274
https://doi.org/10.1122/8.0000805
mailto:cms@illinois.edu
http://crossmark.crossref.org/dialog/?doi=10.1122/8.0000805&domain=pdf&date_stamp=2024-04-05


particles, Pitois et al. investigated the effects of meniscus vis-
cosity on capillary and viscous forces for small bridge volumes
between two moving spheres [18]. Displacement-controlled
experiments were performed where meniscus-bound spheres
were mechanically separated until rupture, and the forces were
measured as a function of separation distance and sphere veloc-
ity. Analytical expressions for capillary and viscous forces were
developed and compared with the experiments. Recently,
Bozkurt and co-workers studied the effects of wettability and
meniscus volume on the capillary force between two equally
sized moving glass beads using a similar displacement-
controlled approach. Capillary force was measured for various
particle radii and separation velocities, and the experimental
data were compared with analytical models in the literature
[18–20]. Theoretical work on liquid bridges has also been per-
formed to estimate capillary forces. Early work dates back to
1926, when Fisher approximated the shape of the bridge as a
toroid [21]. Following this work, Derjaguin used an approxima-
tion where the meridian radius of the toroidal shaped bridge is
much smaller than the radius of the neck, yielding an analytical
expression for the capillary force [22,23]. The Derjaguin equa-
tion was subsequently used by several researchers in the field
for capillary suspensions [24,25]. However, the toroidal and
Derjaguin approaches for calculating capillary forces are only
valid for small bridge volumes and small interparticle distances
[26], resulting in significant errors at large separations.
Motivated by these limitations, several researchers have devel-
oped more accurate expressions for the capillary force in liquid
bridges [18,24,27].

Broadly, prior work on capillary state suspensions has
largely focused on either quasistatic particle clusters or
displacement-controlled motion of particles, where the rela-
tive motion between particles is prescribed by a mechanical
system. However, this experimental scenario is not represen-
tative of mixing flows encountered by freely suspended parti-
cles in capillary suspensions where the relative motion of
particles is dominated by hydrodynamic forces exerted by
the surrounding fluid. For these reasons, we lack a complete
understanding of the fundamental rheology and fluid
mechanics in capillary state suspensions which will help to
inform the design of mixing operations in bulk systems.
Key questions include: What is the characteristic time scale
required for a liquid-bound cluster to rupture in flow? What
is the effect of the bridge volume or particle wettability on
cluster dynamics and breakup? And what is the role of
interparticle hydrodynamic interactions in cluster breakup in
flow? Despite recent progress, the dynamics of freely sus-
pended liquid-bound particle clusters in flow is not fully
understood.

Unlike particle clusters, flow-induced breakup has been
extensively studied for liquid droplets. Research on the
breakup dynamics of immiscible liquid droplets traces back
to 1934, when G. I. Taylor studied the deformation and
bursting of a drop in a second immiscible liquid under
various controlled flow conditions, generating extensional
flow using a manually controlled “four roller” apparatus and
shear flow using a “parallel band” apparatus [28]. Taylor
developed criteria for drop deformation as a function of
dimensionless flow strength (capillary number, Ca) [28].

Several decades later, Grace investigated droplet breakup in
extensional and shear flow, resulting in the classic Grace
curve, which plots critical capillary number Cacrit for drop
breakup as a function of the viscosity ratio of the suspension
[29]. Bentley and Leal used a computer-controlled four-roll
mill to study elongation and breakup of small liquid droplets
in two-dimensional linear flows [30]. Experiments using the
four-roll mill were performed for various flow types, and
drop shapes were compared with predictions from several
burst theories [30]. Numerical studies on shape relaxation
and capillary breakup of initially extended drops under
no-flow conditions have also been conducted for various
initial drop shapes [31]. Despite the seemingly vast amount
of prior literature on liquid drop dynamics, far less insight is
available into the micromechanics of meniscus-bound particle
clusters. In fact, many of the same physical questions arise for
particle clusters bound by liquid bridges; for instance, what
is the relaxation behavior of an initially extended cluster?
What is the critical capillary number Cacrit required for
cluster breakup? And what is the effect of the viscosity of
the bridge fluid relative to the bulk fluid? Although these
questions have been resolved for liquid droplets decades
ago, they have not yet been addressed for meniscus-bound
particle clusters in external flows. Recent advances in auto-
mated flow control [32–36] provide an ideal approach to
study the dynamics of freely suspended particle clusters in
precisely controlled flows.

In this work, we investigate the dynamics of meniscus-
bound particle doublets (two-particle clusters) in planar
extensional flow using a Stokes trap [32], which allows for
the manipulation of particles in precisely defined flows.
Meniscus-bound particle doublets (clusters with two parti-
cles) are the basic unit comprising capillary suspensions.
Experiments are complemented by analytical models that
incorporate the effects of capillary forces, lubrication forces,
hydrodynamic drag forces, and hydrodynamic interactions
acting on the particles. Our results show that particle cluster
doublets undergo reorientation and eventual breakup in exten-
sional flow above a critical capillary number Cacrit. The ana-
lytical model is used to predict Cacrit for cluster breakup as
well as to understand the effects of capillary number Ca and
meniscus volume V on breakup time. Particle cluster relaxa-
tion is further studied under zero-flow conditions revealing
insights regarding capillary and viscous modes of relaxation.
In all cases, experimental results are in good agreement with
the analytical model. Taken together, our results present a fun-
damental understanding of particle cluster dynamics in exter-
nal flows that could be useful for designing and implementing
mixing processes for capillary suspensions.

II. MATERIALS AND METHODS

A. Microfluidic device and Stokes trap

An automated flow technique known as the Stokes trap
[32–34,36] is used to study the dynamics of meniscus-bound
particle clusters in flow. We use a four-channel microfluidic
device with a cross-slot geometry at the center to generate
planar extensional flow (Fig. 1). Using the Stokes trap, menis-
cus-bound particle clusters are confined near the stagnation
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point in extensional flow for long times or accumulated fluid
strain. The microfluidic device is fabricated using a stereoli-
thography (SLA) 3D printer (Form 3, Formlabs) utilizing a
photopolymer clear resin (V4, Formlabs). Devices are printed
with 1 mm-wide by 1mm-tall channel dimensions using a pre-
viously reported procedure by Tu et al. [36]. The bottom
surface of the microdevice is sealed with a glass coverslip
to allow for optical microscopy, as previously reported [36].
The Stokes trap is used in conjunction with an inverted
microscope (Olympus IX71) coupled with a CMOS camera
(Grasshopper 3, FLIR), with the entire setup placed on a
vibration-damped optical table (Thorlabs). The microfluidic
device is mounted on the microscope stage, and a 10� mag-
nification air-immersion objective lens (0.4 NA, numerical
aperture) is used to image into the cross-slot area [Fig. 1(a)],
resulting in 0.586 μm/pixel. The camera captures images at an
average rate of 18 frames per second, which varies slightly
between experiments, though the exact rate is identified and
quantified for each individual particle cluster experiment. All
four inlet/outlet channels of the device are connected via poly-
tetrafluoroethylene (PTFE) tubing to fluid reservoirs, three of
which contain only the bulk suspending fluid, and the remain-
ing channel contains a low concentration of particle clusters in
the bulk suspending fluid. The reservoirs are pressurized using
high-precision pressure regulators (Elveflow OB1MK3+) with
a pressure stability of 0.005% (0.0014 psi) to establish and
control a pressure driven flow in the device. A model

predictive control (MPC) algorithm [32] is used together
with a custom LabVIEW interface to control the flow field
and manipulate and trap particle clusters near the stagnation
point of planar extensional flow in the center of the cross-
slot channel.

Numerical simulations of the flow geometry are per-
formed using COMSOL Multiphysics to model the flow of a
Newtonian fluid (viscosity 10 Pa s) in a 3D model of the
device. Channel dimensions (width and height) are set to
1 mm to match the device dimensions in experiments. Two
of the four channels are designated as inlets, and the remain-
ing two channels are assigned as outlets. A no-slip boundary
condition is specified for solid surfaces in the entire geome-
try, and the velocity profile is solved using the Stokes equa-
tions, yielding a zero velocity stagnation point at the center
of the cross-slot.

B. Materials

Silicone oil (density ρc ¼ 0:971 g/ml, Sigma-Aldrich) is
used as the suspending fluid, polyisobutene (PIB-24, density
ρd ¼ 0:89 g/ml, Soltex) is used as the meniscus fluid, and
polyethylene (PE) spheres (100 μm diameter, Cospheric) are
used as the solid particulate phase. Particle roughness was
determined using AFM and the results show that the surface
roughness of PE particles is less than 1 μm (see the supplemen-
tary material [57] for details). Materials selection is based on a

FIG. 1. Schematic of the microfluidic device used to study particle cluster dynamics in extensional flow. (a) Schematic of the four-channel microfluidic device
fabricated using SLA 3D printing along with a 10� magnification air-immersion objective lens. The height and width of the channels is 1 mm. The four chan-
nels are connected to fluid reservoirs pressurized by regulators and controlled using a LABVIEW program. The cross-slot geometry generates a planar exten-
sional flow, and the open surface of the device is sealed with a glass coverslip for optical microscopy. (b) Schematic showing a zoomed-in view of the
four-channel cross-slot in the microfluidic device. The curved arrows depict the extensional flow, and the stagnation point is labeled near the center of the cross-
slot. Channel width is 1 mm. (c) Schematic showing a two-particle meniscus-bound cluster trapped in extensional flow at the stagnation point. The suspending
fluid, solid particles, and the meniscus fluid are labeled. The radius of the particles is 50 μm.
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density matching condition to avoid significant sedimentation
of particle clusters in the no-flow direction (x3-direction).
The meniscus fluid is immiscible with the bulk fluid and wets
the particles with an average contact angle θ ¼ 55� + 4�.
A shear rheometer (DHR-2, TA Instruments) was used to
measure the viscosity of the suspending and meniscus fluids
(ηc ¼ 10 Pa s for silicone oil and ηd ¼ 19 Pa � s for PIB-24).
Extensional viscosity was also measured for PIB-24 using
dripping-on-substrate (DoS) rheometry [37–40], showing that
the liquid is Newtonian across the relevant range of strain rates
in this experiment (see the supplementary material [57] for
details). The selection of high viscosity fluids facilitates access
to large capillary numbers Ca, as discussed below. The interfa-
cial tension between the two fluids was measured using the
droplet deformation method in extensional flow using the
Stokes trap with an average value of σ ¼ 3+ 0:2 mN/m
(see the supplementary material [57] for details). PE parti-
cles were imaged using environmental scanning electron
microscopy (ESEM) to measure their diameter; the average
particle diameter was 100+ 5 μm and ranged between 90
and 106 μm. Meniscus-bound clusters are prepared using
bulk mixing. Here, a small volume of the meniscus fluid
PIB-24 (approximately 100 μl) is mixed with 1 ml of sili-
cone oil to obtain a milky white dispersion of fine droplets.
Subsequently, 100 mg of PE particles are added to the dis-
persion and gently mixed, allowing for collisions between
particles and PIB-24 drops, thus forming capillary bridges
between particles. The mixture is further diluted (at a ratio
of 1:100) to obtain the final mixture used for imaging and
experiments. Figure 1(c) shows a schematic of two-particle
meniscus-bound cluster in planar extensional flow, trapped
near the stagnation point at the center of the cross-slot in
the microfluidic device. During imaging experiments, we
routinely observe particle clusters with variable number of
particles N ¼ 2, 3, 4, and higher order clusters, however in
this work, we focus only on studying particle doublets (two-
particle clusters), using the Stokes trap setup.

C. Particle tracking velocimentry

Particle tracking velocimetry (PTV) is used to characterize
the flow field in the microfluidic device. Fluorescent polysty-
rene (PS) particles (10 μm diameter, ThermoFisher Scientific)
are used for PTV experiments. The aqueous sample is first
centrifuged to obtain the dense phase of PS particles, which
are then resuspended in silicone oil (10 Pa s viscosity).
The suspension is then sonicated (Branson 2510R-MT) for
45–50 min to obtain a well mixed particle sample for exper-
iments. The PS particles are introduced into the device, and
videos (�5 min in duration) of particles convecting in
planar extensional flow are captured in the vicinity of the
cross-slot as a function of strain rate _ε. Video files (supple-
mentary material, Movie 1 [57]) are used as an input for
image analysis where particle velocities and trajectories are
determined using a custom MATLAB program, as previously
described [36]. Particle velocities in the x1 and x2-directions
are determined as a function of position, and the data are
fitted to the flow field equations for planar extensional flow
using the velocity gradient tensor as a fitting parameter

vx1
vx2

� �
¼ a b

c d

� �
x1
x2

� �
: (1)

The matrix entries a and d yield the strain rates in x1 and
x2-directions ( _εx1 and _εx2 ), respectively, and the entries b and
c are found to be approximately zero. Using this approach,
_εx1 and _εx2 are determined as a function of the input pressure
in the microfluidic system [Fig. 2(a)]. Three PTV experi-
ments are performed at each of the input pressure values, and
average strain rate _ε and standard deviation values are
reported. Figure 2(b) shows a plot of the ratio of the strain
rate in the x1-direction to the strain rate in the x2-direction as
a function of inlet pressure, which further validates the exis-
tence of planar extensional flow (i.e., _εx1 ¼ � _εx2 ).

FIG. 2. Flow characterization in the cross-slot of the microfluidic device. (a) Strain rate, _ε, at the central plane of the microfluidic device is determined as a
function of the input pressure, Δp in the channels for both x1 and x2 directions. Error bars show standard deviation from multiple (�3) experiments. Polystyrene
(PS) particles (10 μm in diameter) are added to silicone oil (ηc=10 Pa s) for particle tracking experiments. (b) Ratio of the strain rates in x1 and x2 directions is
determined to be � �1, thus verifying the existence of planar extensional flow in the cross-slot ( _εx1 ¼ � _εx2 ).
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III. ANALYTICAL MODEL

A. Cluster breakup

We developed an analytical model for particle cluster
breakup that accounts for the forces acting on the particles as
well as interparticle hydrodynamic interactions (HIs).
Figure 3 shows a schematic of a two-particle liquid-bound
cluster in planar extensional flow showing the relevant vari-
ables and coordinate system. The cluster breakup phenome-
non in extensional flow depends on the interplay between the
hydrodynamic drag forces, capillary forces, and lubrication
forces between particles. All of our experiments are per-
formed in the limit of low Reynolds numbers (particle
Reynolds number, Rep ¼ ρcRU=ηc � 10�7; and device
Reynolds number, Red ¼ ρcHU=ηc � 10�6, where R is the
particle radius, H is the channel height of the device, and U
is a characteristic fluid velocity), hence inertia is neglected.
In the following, we use index notation such that subscripts
refer to the vector or tensorial nature of a quantity. A force
balance on particle j in a two-particle cluster yields

Fcap,j
i þ Fvis,j

i ¼ 0 j ¼ 1 or 2, (2)

where Fcap,j
i is the capillary force on bead j and Fvis,j

i is the
net viscous force on bead j. Depending on the interparticle
separation, the mathematical model for cluster breakup is
described by two regimes. In the first regime, the interparticle
separation D is relatively small (i.e., D=R⪅1), such that parti-
cles experience lubrication forces, a hydrodynamic drag force
from the flowing fluid and an attractive capillary force from
the liquid bridge. In the second regime, the interparticle sepa-
ration D is relatively large (D=R . 1) such that particles
experience a hydrodynamic drag force from the fluid and a
capillary force from the bridge until breakup. Consequently,
we present two models, referred to below as the near-field
and far-field models for cluster breakup in extensional flow.
Motivated by prior work [18,19,41], we consider the

lubrication approximation as valid for interparticle separa-
tions up to D=R ¼ 0:5. Thus, for cluster breakup, the near-
field model is considered for D=R , 0:5, whereas for
D=R � 0:5, the far-field model is used.

1. Near-field model

The liquid bridge connecting the two particles applies an
attractive capillary force that acts to pull them together [42].
An expression for the capillary force acting on a particle due
to a small liquid bridge with a fixed volume was derived by
Maugis [27] and reproduced by Pitois et al. [18]. Following
the toroidal approximation, this expression assumes a small
constant liquid bridge volume and a constant contact angle
and is generally suitable for intermediate to small contact
angle values. Using this result, the capillary force acting on
bead 1 is

Fcap,1
i ¼ �2πRσ( cos θ) 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V
πRD2

q
2
64

3
75Ĉi, (3)

where σ is the interfacial tension, θ is the contact angle, V is
the liquid bridge volume, D is the smallest separation
between the two particle surfaces, and Ĉi ¼ Ci=jCij is the
unit vector along the direction of separation between bead
centers, as shown in the schematic in Fig. 3. From Fig. 3,
also note that yi � zi ¼ Ci.

Particles experience a net viscous force arising from the
hydrodynamic drag force due to the straining motion of the
suspending fluid and due to lubrication forces between parti-
cles for small interparticle separations (D=R , 0:5)
[18,19,41]. The net viscous force on bead j is given by

Fvis,j
i ¼ Fdrag,j

i þ Flub,j
i , (4)

where Fdrag,j
i is the hydrodynamic drag force exerted on bead j

due to flow and Flub,j
i is the lubrication force acting on bead j.

In a transient deformation experiment, the initial state of a
two-particle cluster corresponds to a small spacing between
adjacent particle surfaces separated by a thin liquid film.
Lubrication forces are hence expected to play a key role in
determining viscous forces between particles and controlling
particle dynamics. Using the Reynolds equation, Lopez et al.
[41] calculated the pressure profile over the entire domain
(meniscus and bulk suspending fluid), which was then inte-
grated to obtain the total viscous force acting on a particle by
the two fluids. Using this result, the lubrication force acting on
particle 1 in the presence of a liquid bridge is

Flub,1
i ¼ � 6πηcR

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πR þ D2

q þ 6πR2

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V

πR
þ D2

r
� D

 !2
64

�
ηd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πR þ D2

q
þ D(ηc � ηd)

� �
V
πR þ D2

3
75 dD

dt
Ĉi, (5)

FIG. 3. Schematic of a two-particle cluster bound by a liquid bridge
showing relevant parameters and the coordinate system. R is the particle
radius, Ci is the vector pointing from the center of particle 2 to the center of
particle 1, D is the smallest separation between the particle surfaces, yi and zi
are the vectors pointing from the origin to the centers of particles 1 and 2,
respectively, and θ is the contact angle.
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where ηd is the meniscus fluid viscosity. The derivation for
Eq. (5) follows the lubrication approximation and requires
that the particle surface separation must be smaller than the
neck radius of the liquid bridge, which in turn must be
smaller than the particle radius. These assumptions are met
during the initial stages of the experiment when the interpar-
ticle separation is quite small, but they are not necessarily
met for the entire duration of the experiment for larger parti-
cle separation distances [18,41]. Note that Eq. (5) includes
the viscous drag force due to the center-of-mass velocity of
the bead [41]. In this work, we consider cluster breakup in a
planar extensional flow, which is described by a velocity
field vi ¼ Eijxj, where Eij ¼ _ε(δi1δ j1 � δi2δ j2) is the rate-of-
strain tensor and xj is a vector pointing from the origin. For a
two-particle cluster aligned along the extensional axis, the
hydrodynamic drag force on particle 1 due to the flowing
fluid is approximated by Stokes’ law,

Fdrag,1
i 8 6πRηc _εyi, (6)

where R is the particle radius, _ε is the strain rate, yi is the
vector from the origin to the center-of-mass of bead 1, and ηc
is the viscosity of the bulk suspending fluid. Equation (6)
provides a reasonable approximation to the hydrodynamic
drag force exerted on the particle in the doublet. As an aside,
we validated this approximation by solving the analytical
cluster breakup model while treating the numerical coeffi-
cient in Stokes’ law as a fitting parameter. This analysis
resulted in a good agreement between the experiments and
the model and yielded a value for the numerical coefficient
as �5.8, which is close to the value in Stokes drag for a
sphere, thus justifying the approximation of hydrodynamic
drag force using Eq. (6).

Particles also experience hydrodynamic interactions (HI)
due to flow field disturbances generated by nearby particles in
the cluster. Our experimental results show that the cluster
breakup phenomenon in extensional flow is sensitive to small
perturbations in fluid velocity, and thus we anticipate that HI
plays a key role in particle cluster breakup dynamics. Here, the
disturbance velocities vDi are calculated, and the hydrodynamic
drag force is modified to account for these interactions. In the
following, we consider the disturbance flow generated by par-
ticle 2 acting on particle 1 (Fig. 3). The first term in a multi-
pole expansion of the disturbance velocity is the Stokeslet
[43], which arises due to the capillary force exerted on the par-
ticles. The disturbance velocity experienced at bead 1 due to
the presence of bead 2 is given by the Stokeslet

vD,1i,(Stokeslet) ¼ GijF j, (7)

where the superscript D denotes disturbance. Here, Gij is the
Oseen–Burgers tensor [43] and Fj is the force exerted on
the fluid by the adjacent particle (taken here as bead 2) due to
the capillary force. The Oseen–Burgers tensor Gij is written as

Gij ¼ 1
8πηcC

δij þ CiCj

C2

� �
, (8)

where C is the center-to-center distance between particles,
Ci is the vector pointing from the center of particle 2 to
the center of particle 1, and δij is the Kronecker delta. The
two-particle cluster is taken to be aligned along the exten-
sional flow axis (x1-axis), such that the vector Ci is ori-
ented in the positive x1 direction and has magnitude
jCij ¼ jC1j ¼ C. In order to calculate the disturbance
velocity experienced by bead 1 due to bead 2, Fj is taken
as the force exerted on the fluid by bead 2, which is equal
to the negative of the net viscous force (�Fvis,j

i ) exerted on
bead 2, or the positive of the capillary force on bead 2
[see Eq. (2)], such that

Fcap,2
j ¼ FcapĈj, (9)

where Fcap is the scalar magnitude of the capillary force
defined in Eq. (3) and Ĉj is the unit vector in the x1 direction.
The expression for the Stokeslet disturbance velocity experi-
enced by particle 1 becomes

vD,1i,(Stokeslet) ¼
Fcap

4πηcC
Ĉi: (10)

The Stokeslet contribution to the disturbance velocity
assumes a point force in flow. The potential dipole term in
the multipole expansion would account for the finite size of
a sphere translating under an imposed force. However, as a
simplifying assumption, this term is not included in the dis-
turbance velocity because the particle translational velocity
is relatively small, and the potential dipole term is, there-
fore, negligible in magnitude compared to other dominant
terms in the disturbance velocity such as the stresslet (vide
infra).

In addition to the Stokeslet, we also account for the dis-
turbance flow due to the straining motion of the suspending
fluid by introducing the stresslet [43]. In addition, the inter-
particle separation is typically smaller than the particle size
(D=R , 1) at the start of the breakup process, and we, there-
fore, need to account for the finite size of the particles by
introducing the potential quadrupole [43]. The stresslet and
potential quadrupole terms both arise due to the imposed
straining flow field. Consider the case of a finite sized sphere
held fixed in a general linear flow in the creeping flow
regime. The total fluid velocity vtotali for this flow can be
written as [43]

vtotali ¼ v1i þ vDi ¼ v1i þ p0xi
2ηc

þ vHi , (11)

where v1i ¼ Eijx j is the undisturbed fluid velocity, vDi is the
disturbance velocity, p0 is the dynamic pressure, and vHi is a
harmonic function. The rate-of-strain tensor for planar exten-
sional flow Eij is given in matrix form as

Eij ¼
_ε 0 0
0 � _ε 0
0 0 0

2
4

3
5: (12)
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Using vector spherical harmonics, the functional forms of p0

and vHi are

p0 ¼ aE jk
xjxk
r5

and vHi ¼ bEij
xj
r3

þ cTijkE jk, (13)

where a, b, and c are scalar constants and the third order
tensor Tijk is

Tijk ¼ δijxk þ δikx j þ δ jkxi
r5

� 5xix jxk
r7

: (14)

Satisfying the continuity equation and the no-slip boundary
condition on the surface of the sphere, we determine the con-
stants a, b, and c, resulting in an expression for the total fluid
velocity for the case of a sphere held fixed in planar exten-
sional flow,

vtotali ¼ v1i � 5R3

2
CiCjCk

C5
Ejk

� R5

2
δijCk þ δikC j þ δ jkCi

C5
� 5CiC jCk

C7

� �
Ejk: (15)

Simplifying the above equation, we obtain two additional
terms contributing to the disturbance velocity on
particle 1,

vD,1i,(stresslet, pot: quad:) ¼ � 5 _εR3

2C2
þ 3 _εR5

2C4

� �
Ĉi, (16)

where the subscript “pot: quad:” stands for potential quadru-
pole. Using Eqs. (10) and (16), the total disturbance velocity
acting on particle 1 is

vD,1i ¼ vD,1i,(Stokeslet) þ vD,1i,(stresslet, pot: quad:)

¼ Fcap

4πηcC
� 5 _εR3

2C2
þ 3 _εR5

2C4

� �
Ĉi:

(17)

Similarly, the disturbance velocity acting on particle 2
can be determined using an analogous set of arguments as
above.

The force balance on particle 1 becomes

6πRηc( _εyiþ vD,1i )�2πRσ cosθ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi

� 6πηcR
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V
πRþD2

q þ6πR2

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V

πR
þD2

r
�D

 !2
64

�
ηd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πRþD2

q
þD(ηc�ηd)

� �
V
πRþD2

3
75dD
dt

Ĉi ¼ 0:

(18)

Similarly, a force balance on particle 2 gives

6πRηc( _εziþ vD,2i )þ2πRσ cosθ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi

þ 6πηcR
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V
πRþD2

q þ6πR2

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V

πR
þD2

r
�D

 !2
64

�
ηd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πRþD2

q
þD(ηc�ηd)

� �
V
πRþD2

3
75dD
dt

Ĉi ¼ 0:

(19)

Equation (18) is subtracted from (19), allowing the force
balance to be expressed in terms of the vector connecting the
bead centers Ci. We assume that the two-particle cluster is
aligned along the extensional flow axis (x1-axis), which sim-
plifies the force balance to a scalar equation along the
x1-axis. This equation is simplified and nondimensionalized
to obtain a first-order differential equation for the dimension-
less interparticle separation between bead surfaces D*(t*),

dD*

dt*
¼ Ca 3C* � 15

C*2 þ 9
C*4

	 

6
K* þ 6(K*�D*)(ηrK*þD*(1�ηr))

D*K*2

þ
cos θ 3

C* � 2
	 


1� 1ffiffiffiffiffiffiffiffiffiffi
1þ 2V*

πD*2

p
" #

6
K* þ 6(K*�D*)(ηrK*þD*(1�ηr))

D*K*2

, (20)

where the superscript * denotes a dimensionless quantity.
Equation (20) is nondimensionalized using the particle radius
R and the characteristic time scale tc ¼ Rηc=σ. The capillary
number Ca ¼ _εRηc=σ is the ratio of the viscous to interfacial
tension forces. The relative viscosity is ηr ¼ ηd=ηc ¼ 1:9 for
our experimental conditions. The quantity K* is defined as

K* ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V*

π þ D*2
q

, and the dimensionless center-to-center dis-

tance is C* ¼ D* þ 2. Here, C ¼ Dþ 2R and D* ¼ D=R.
Equation (20) is considered for interparticle separations
D=R , 0:5.

2. Far-field model

The far-field model is considered for relatively large inter-
particle separations (D=R � 0:5). Here, lubrication forces are
not included in the viscous force term Fvis,j

i . However, the net
hydrodynamic drag force is modified to include the
center-of-mass bead velocity

Fdrag,1
i ¼ 6πRηc( _εyi � _yi), (21)

such that the net viscous force Fvis,j
i is now given by Fdrag,j

i in
Eq. (2). The capillary force and the disturbance velocity
terms remain the same as the near-field model, and the force
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balance on particle 1 is written as

6πRηc( _εyi þ vD,1i � _yi)� 2πRσ cosθ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi ¼ 0:

(22)

Similarly, for particle 2,

6πRηc( _εzi þ vD,2i � _zi)þ 2πRσ cos θ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi ¼ 0:

(23)

Subtracting Eq. (22) from (23), simplifying and nondimen-
sionalizing, we obtain a dimensionless first-order differential
equation for the interparticle separation D*(t*),

dD*

dt*
¼ Ca C* � 5

C*2
þ 3
C*4

� �

þ cos θ
1
C*

� 2
3

� �
1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

q
2
64

3
75: (24)

Thus, from Eqs. (20) and (24), we obtain

dD*

dt*
¼

Ca 3C* � 15
C*2

þ 9
C*4

� �
6
K*

þ 6(K* � D*)(ηrK
* þ D*(1� ηr))

D*K*2

þ
cos θ

3
C*

� 2

� �
1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

q
2
64

3
75

6
K*

þ 6(K* � D*)(ηrK
* þ D*(1� ηr))

D*K*2

, D
R , 0:5,

Ca C* � 5
C*2 þ 3

C*4

	 
þ cos θ 1
C* � 2

3

	 

1� 1ffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

p
" #

, D
R � 0:5:

8>>>>>>>>>><
>>>>>>>>>>:

(25)

Note that C* ¼ D* þ 2. Additionally, from Eq. (24), in the
limit of large D*, we recover the limit of freely suspended
individual particles (such that particles follow fluid stream-
lines) where particles are assumed to flow freely in planar
extensional flow in the absence of any additional forces, i.e.,
dC*=dt* ¼ C*.

3. Predicting a critical capillary number Cacrit
for cluster breakup

The analytical model developed above for a two-particle
liquid-bound cluster breakup can be used to predict the criti-
cal capillary number Cacrit for cluster breakup in planar
extensional flow. The interplay between various forces
during the initial stages of deformation plays a major role in
cluster separation. We, therefore, consider the near-field
model [Eq. (20)] as given above for this discussion. Equation
(20) can be written in a compact form as follows:

dD*

dt*
¼ K*

6
Ca � f (C*)þ cos θ

3
C*

� 2

� �
g

V*

D*2

� �� �
1
h
, (26)

where f , g, and h are functions of system parameters. In par-
ticular, f is a function of C* defined as

f (C*) ¼ 3C* � 15
C*2

þ 9
C*4

, (27)

and g is a function defined as

g
V*

D*2

� �
¼ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

q
2
64

3
75: (28)

Finally, h is defined as

h ¼ 1þ 1� D*

K*

� �
ηr

K*

D*
þ (1� ηr)

� �
: (29)

Given an initial condition of near contact between particles,
cluster separation requires dD*=dt* . 0. Because K* . D*

and h . 0, the condition for breakup, therefore, requires

Ca � f (C*)þ cos θ
3
C*

� 2

� �
g

V*

D*2

� �
. 0: (30)

At time t ¼ 0, the initial smallest separation between particle
surfaces D0 is defined to be D0 ¼ 3 μm (see Sec. IV), which
yields D* ¼ 0:06. Hence, C* ¼ 2:06 and f (2:06) ¼ 3:15.
Furthermore, liquid bridge volumes for our experiments typi-
cally lie in the range of 1500–2000 μm3, thus V* ¼ V=R3 is
of the order 0.01. Assuming a value of V* ¼ 0:01,
g V*

D*2

� �
� 0:4, which simplifies Eq. (30) to

Cacrit � cos θ
14:3

: (31)
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Substituting the average value of θ ¼ 55� for our experi-
ments (see Sec. II), we obtain a critical capillary number
value of Cacrit ¼ 0:04, which is in reasonable agreement with
the Ca values observed in our experiments (Sec. IV). Thus,
Eq. (30) provides a simple prediction of an approximate Cacrit
for a capillary suspension breakup in extensional flow.

B. Cluster relaxation

In this section, we develop a model for cluster relaxation
dynamics under zero-flow conditions. In our experiments, a
two-particle cluster is trapped near the stagnation point, sub-
jected to extensional flow for a finite time, and the flow is
then switched off before cluster breakup occurs. The cluster
is then allowed to relax under zero-flow conditions, where
the liquid bridge draws the particles together due to capillary
forces. Similar to the cluster breakup model, we again
develop a near-field and far-field model for the problem. At
the beginning of the experiment, the two-particle cluster is
significantly deformed and the particles are far apart; hence,
lubrication forces are not included in the far-field model.
However, after the cluster relaxes due to the attractive capil-
lary force, the particles eventually experience a repulsive
lubrication force upon close approach due to the thin liquid
film in the gap between particles.

1. Far-field model

In the far-field model, lubrication forces are not included
in the viscous force Fvis,j

i due to the relatively large interparti-
cle separation. In addition, cluster relaxation occurs under
zero-flow conditions. Therefore, the net viscous force arises
due to the hydrodynamic drag force on a particle due to its
center-of-mass velocity and the disturbance velocity due to
hydrodynamic interactions. The drag force on particle 1 is
given by

Fdrag,1
i ¼ 6πRηc(v

D,1
i � _yi): (32)

The capillary force on particle 1 due to the liquid bridge
[Eq. (3)] is the same as in the case of cluster breakup. In
addition, the disturbance velocity only includes the Stokeslet
contribution because of the zero-flow conditions

vD,1i ¼ Fcap

4πηcC
Ĉi: (33)

For cluster relaxation, we account for excluded volume inter-
actions between the spheres. Here, we introduce the Weeks–
Chandler–Anderson (WCA) potential, which is the repulsive
part of the Lennard-Jones potential. We found that the repul-
sive potential is needed to capture the physics of near-sphere
interaction more accurately. In addition, owing to the poly-
dispersity in the particle size in experiments, perfect quantita-
tive agreement is not expected between experiments and the
analytical model. The WCA potential can be defined in
terms of the Lennard-Jones potential as follows:

VWCA(r) ¼ VLJ(r)þ εLJ , if r , 21=6(C0),
0, if r � 21=6(C0),

�
(34)

where the Lennard-Jones potential is given by

VLJ ¼ 4εLJ
C0

C

� �12

� C0

C

� �6
" #

: (35)

Here, εLJ is the depth of the potential well and is chosen as
the characteristic surface energy (σR2) for our system, C0

is the distance at which the potential energy is zero, and C is
the distance between the particle centers. Differentiating
Eq. (34), we obtain the repulsive force from the WCA poten-
tial on particle 1,

FWCA,1
i ¼

4εLJ
C 12 C0

C

	 
12�6 C0
C

	 
6h i
Ĉi, if C , 21=6C0,

0, if C � 21=6C0:

(

(36)

The force balance on particle 1 can now be written as

6πRηc(v
D,1
i � _yi)

� 2πRσ cos θ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi þ FWCA,1

i ¼ 0: (37)

Similarly, for particle 2,

6πRηc(v
D,2
i � _zi)

þ 2πRσ cos θ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2V

πRD2

q
2
64

3
75Ĉi þ FWCA,2

i ¼ 0: (38)

Subtracting Eq. (37) from (38), simplifying and nondimen-
sionalizing, we obtain a dimensionless first-order differential
equation for the interparticle spacing D* describing cluster
relaxation,

dD*

dt*
¼ cos θ

1
C*

� 2
3

� �
1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

q
2
64

3
75þ F*

WCA

3
, (39)

where F*
WCA is the scalar dimensionless force from the WCA

potential given as

F*
WCA ¼

εc
C* 12

C*
0

C*

� �12
�6

C*
0

C*

� �6� �
, if C* , 21=6(C*

0),

0, if C* � 21=6(C*
0),

8<
:

(40)

where εc is the dimensionless dispersion energy defined as
εc ¼ 4εLJ=πσR2 and is taken as a fitting parameter in the
model.

As the cluster begins to relax and the particles approach
each other, lubrication forces will begin to play a role in the
process. In our experiments, we observe a marked decrease
in the rate of cluster relaxation at a finite interparticle separa-
tion, which occurs when lubrication forces begin to play a
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role in the relaxation process (see Fig. 9). Based on our
experimental data, we define the transition point from the far-
field to the near-field model when � 75% of the relaxation
has occurred. Therefore, the far-field model is assumed to
transition to the near-field model at a dimensionless interpar-
ticle spacing of D=R ¼ 0:2 during cluster relaxation.

2. Near-field model

In the near-field case, the particles experience a repulsive
lubrication force due to the thin liquid film. As discussed
above, the lubrication force given by Eq. (5) accounts for the
particle approach velocity (and hence viscous drag due to parti-
cle center-of-mass motion). Therefore, the hydrodynamic drag
force only accounts for the disturbance velocity at particle 1,

Fdrag,1
i ¼ 6πRηcv

D,1
i : (41)

Combining the expressions for the capillary force and
excluded volume forces from Eqs. (3) and (36) respectively,
the force balance on particle 1 is given as

6πRηcv
D,1
i � 2πRσ cos θ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V
πRD2

q
2
64

3
75Ĉi þ FWCA,1

i

� 6πηcR
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V
πR þ D2

q þ 6πR2

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V

πR
þ D2

r
� D

 !2
64

�
ηd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πR þ D2

q
þ D(ηc � ηd)

� �
V
πR þ D2

3
75 dD

dt
Ĉi ¼ 0:

(42)

Similarly, a force balance on particle 2 yields

6πRηcv
D,2
i þ 2πRσ cos θ 1� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2V
πRD2

q
2
64

3
75Ĉi þ FWCA,2

i

þ 6πηcR
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V
πR þ D2

q þ 6πR2

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V

πR
þ D2

r
� D

 !2
64

�
ηd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V
πR þ D2

q
þ D(ηc � ηd)

� �
V
πR þ D2

3
75 dD

dt
Ĉi ¼ 0:

(43)

Following a similar procedure as explained above, we obtain
a dimensionless first-order differential equation for interparticle
separation D* for the near-field case of cluster relaxation,

dD*

dt*
¼

cos θ 3
C* � 2
	 


1� 1ffiffiffiffiffiffiffiffiffiffi
1þ 2V*

πD*2

p
" #

þ F*
WCA

6
K*

þ 6(K* � D*)(ηrK
* þ D*(1� ηr)))

D*K*2
:

(44)

Taken together, Eqs. (39) and (44) provide a model for
cluster relaxation in terms of a dimensionless interparticle
separation D*(t*),

dD*

dt*
¼

cos θ 1
C* � 2

3

	 

1� 1ffiffiffiffiffiffiffiffiffiffi

1þ 2V*

πD*2

p
" #

þ F*
WCA
3 , D

R . 0:2,

cos θ 3
C* � 2
	 


1� 1ffiffiffiffiffiffiffiffiffiffi
1þ 2V*

πD*2

p
" #

þ F*
WCA

6
K*

þ 6(K* � D*)(ηrK
* þ D*(1� ηr)))

D*K*2

, D
R � 0:2:

8>>>>>>>>><
>>>>>>>>>:

(45)

Note that C* ¼ D* þ 2. In the limit of small D*, the near-
field equations for both breakup and relaxation predict expo-
nential separation or approach of particles, respectively.

IV. RESULTS

A. Cluster breakup

We began by experimentally observing cluster breakup for
two-particle clusters using a Stokes trap. In this experiment,
we measured the cluster breakup time as a function of strain
rate _ε or capillary number Ca, defined as

Ca ¼ _εRηc
σ

: (46)

Two-particle clusters are introduced into the cross-slot
device. A target cluster is trapped and positioned to be
located near the center of the cross-slot, and the flow is
switched off. Two-particle clusters near the center plane of
the flow device (in the x3-direction) were considered for this
work. The experiment begins by turning on the planar exten-
sional flow while confining the cluster near the stagnation
point using the Stokes trap. For consistency, time t ¼ 0 in all
experiments is defined at the time at which interparticle sepa-
ration is D ¼ 3 μm using image analysis (see below). After
the extensional flow is turned on, the two-particle cluster
reorients and aligns along the direction of the principal axis
of extension. The cluster is then subjected to extensional
flow until the meniscus stretches and ultimately ruptures,
leading to cluster breakup (supplementary material, Movie 2
[57]). The transient cluster breakup process is shown in
Fig. 4(a), where the center-to-center distance between parti-
cles in a two-particle cluster is shown for Ca ¼ 0:035.
Figures 4(b), 4(c), and 4(d) show snapshots of the cluster at
different times during the breakup process. Figure 4(b)
shows the cluster at t ¼ 0 s, when the cluster has already
reoriented. Figure 4(c) shows the cluster at t ¼ 36 s, when
the meniscus has stretched into a thin thread immediately
prior to rupture. Figure 4(d) shows an image of the system at
time t ¼ 39 s, which occurs after the cluster has broken up
and the two particles are separated in flow. After the menis-
cus ruptures and the cluster has broken up, the particles
rapidly separate as a function of time in flow.

Images of cluster breakup events from experiments are
analyzed using a MATLAB program. The image is first

406 CHAUDHARY, VELANKAR, AND SCHROEDER
 05 April 2024 14:23:45



binarized and impurities surrounding the cluster are removed.
To identify and track individual particles in the two-particle
cluster, a watershed segmentation algorithm is used [44,45].
The centroid positions of each particle are then determined,
which enables calculation of the center-to-center distance C.
Breakup experiments are performed until the meniscus is
completely broken, which occurs when C is approximately
four times larger than its initial value, i.e., roughly four times
the particle diameter. Using this method, we quantify the
interparticle separation as a function of time during a cluster
breakup experiment, as shown in Fig. 4(a).

Results from cluster breakup experiments are compared to
the analytical model developed in Sec. III. The first-order
differential equation for cluster breakup [given by Eq. (25)]
is solved numerically using the fourth-order Runge–Kutta
method (RK4). After solving Eq. (25) for the dimensionless
interparticle separation D*, the quantities are converted back
to their dimensional forms using the relations t* ¼ t=tc,
where the characteristic time scale is tc ¼ Rηc=σ, and
C ¼ (D* þ 2)R, enabling direct comparison with experi-
ments. Due to limitations in spatial resolution in optical
imaging experiments, the initial value of D at time t ¼ 0 may
vary slightly (D0 ¼ 3+ 1:6 μm) between different experi-
ments. Therefore, a nonlinear least squares analysis is used to
fit the experimental data to the numerical solution by treating
D0 as a fitting parameter. We note that for the cluster
breakup model, D0 is the only fitting parameter used when
comparing to experimental data.

Figure 5 provides a comparison between cluster breakup
experiments and the analytical model, generally showing
good agreement for two different flow strengths (Ca ¼ 0:031
and Ca ¼ 0:041). Using the nonlinear least squares analysis,

the initial values D0 for the data shown in Figs. 5(a) and 5(b)
are D0 ¼ 4:6 and 3:0 μm, respectively. The contact angle θ is
measured using image analysis software (IMAGEJ), and the
meniscus volume V is determined using image analysis (see
the supplementary material [57] for details). Our results
show that the meniscus volume V typically lies in the range
1500–2000 μm3. In addition, the model shows that lubrica-
tion and capillary forces generally dominate for small particle
separations (D=R , 0:5). As D gradually increases,
F*
drag=F

*
cap becomes greater than 1 and starts increasing

rapidly for D=R . 0:5. For larger particle separations, the
hydrodynamic drag force dominates and the meniscus
rapidly stretches and thins, eventually resulting in cluster
breakup. Overall, the analytical model accurately captures the
breakup dynamics of two-particle meniscus-bound clusters in
extensional flow.

We further examined the role of interparticle hydrody-
namic interactions (HI) on the cluster breakup process.
Figure 6(a) shows a comparison between analytical models
for cluster breakup with HI (i.e., Stokeslet, stresslet, and
potential dipole interactions between beads) and without HI.
The model incorporating HI yields good agreement with
experiments. However, the model without HI does not
predict cluster breakup, and the particles never separate
under identical flow conditions. This comparison reveals the
sensitivity of the breakup process to small perturbations in
the flow around the particles and emphasizes the importance
of interparticle HI. We note that the analytical model pre-
sented here only considers first-order interactions between
beads and does not consider higher order corrections via the
method of reflections, i.e., second-order and higher reflec-
tions are not considered here [46]. Nevertheless, higher order

FIG. 4. Experiments on two-particle cluster breakup in extensional flow. (a) Center-to-center distance C plotted as a function of time for a two-particle cluster
breakup for Ca ¼ 0:035. (b) Snapshot of the cluster at t ¼ 0 s. For consistency, time t ¼ 0 in all experiments is defined as the time at which interparticle separa-
tion is D ¼ 3 μm. (c) Snapshot of the cluster at t ¼ 36 s. Here, the cluster has started to separate and the meniscus is stretched into a thin thread. (d) Snapshot
of the cluster at t ¼ 39 s, which occurs after the cluster is completely broken up.
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corrections are not expected to contribute to significant dif-
ferences in the general qualitative behavior or outcomes
observed here. The next higher order term (O(1=C5)) in the
multipole expansion is �20 times smaller than the Stokeslet
interaction. We also probed the effect of changing the transi-
tion point Dswitch=R when the analytical model switches from
the near-field to the far-field case (Sec. III). Figure 6(b)
shows the comparison for various Dswitch=R; our results show
that changing the transition point value of Dswitch=R ¼ 0:5
does not qualitatively affect the results. In brief, immediately
prior to cluster breakup, the meniscus begins to rapidly

stretch and D changes rapidly. Therefore, the transition point
Dswitch=R plays a relatively minor role on the numerical
results, as shown in Fig. 6(b).

We next investigated the dependence of cluster breakup
time on capillary number Ca and liquid bridge volume V .
Based on the cluster breakup analytical model in Sec. III, we
observe that given a Ca and V value, Eq. (25) can be solved
to compute the corresponding cluster breakup time.
Figure 7(a) shows this variation where the dimensionless
cluster breakup time t*rupture is plotted as a function of Ca for
various liquid bridge volumes as indicated in the legend.

FIG. 5. Center-to-center distance C between particles plotted as a function of time for cluster breakup for two different Ca, (a) Ca ¼ 0:031 and (b)
Ca ¼ 0:041. The blue scatter points represent the experimental data which is obtained through image analysis at each frame, and the solid orange line corre-
sponds to the analytical model for cluster breakup where a first order differential equation is solved numerically using RK4, yielding good agreement with the
experiments.

FIG. 6. Role of interparticle hydrodynamic interactions (HI) and transition between near-field and far-field model on cluster breakup dynamics. (a) Cluster
breakup analytical models with and without including HI are shown. For the case with no HI, the model does not predict cluster breakup, and the particles do
not separate in flow. (b) Effect of varying the transition point Dswitch=R at which the model switches from the near-field to the far-field case.
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Similar to the experiments, cluster breakup is considered to
occur when C is approximately a factor of four larger than
the initial value. It can be seen from the figure that below a
certain value of Ca, t*rupture increases rapidly and the curve
flattens out. This turning point in the plot can be interpreted
as the critical capillary number Cacrit for a given liquid
bridge volume, below which rupture does not occur.
Furthermore, using the expression for predicting Cacrit as
derived in Sec. III [Eq. (30)], we plot Cacrit as a function of
dimensionless liquid bridge volume V*, as shown in
Fig. 7(b). Experimentally, we observe that for flow strengths
below the Cacrit line in Fig. 7(b), clusters with liquid bridge
volumes within the range indicated generally do not separate.
For these calculations, the average contact angle is θ ¼ 55�

and the D* ¼ 0:06.

B. Cluster relaxation

We further studied cluster relaxation under zero-flow con-
ditions. The first part of the experimental procedure is similar
to the cluster breakup experiment. Here, two-particle clusters
are trapped near the stagnation point in the cross-slot device
and subjected to planar extensional flow. However, in the
cluster relaxation experiment, as the meniscus begins to
stretch, the flow is stopped immediately prior to separation,
and the cluster is allowed to relax under zero-flow conditions
(supplementary material, Movie 3 [57]).

Figures 8(a) and 8(b) show two different stages of a two-
particle cluster during relaxation. Figure 8(a) shows a snap-
shot of the cluster at t ¼ 47 s when the flow is stopped
prior to cluster breakup. The snapshot in Fig. 8(b) shows the

FIG. 7. The dependence of cluster breakup time on Ca and V and the prediction of a critical capillary number Cacrit for two-particle clusters in extensional
flow. (a) Dimensionless breakup time t*rupture is plotted as a function of Ca for selected values of V using the results from the analytical model. (b) Cacrit is
plotted as a function of the dimensionless liquid bridge volume V*.

FIG. 8. Two-particle cluster relaxation under zero-flow conditions. (a) Snapshot of a two-particle cluster at t ¼ 47 s, where the meniscus is stretched to the
point immediately prior to rupture and the flow is turned off. Following cessation of flow, the cluster begins to relax, and the particles come closer to each
other. (b) Snapshot of the cluster at a later time (t ¼ 100 s), when the cluster has sufficiently relaxed and particle separation is close to the initial separation. (c)
Center-to-center distance, C plotted as a function of time for cluster stretching and relaxing. The red dashed line marks the instance when the flow is turned off
and the cluster begins to relax (t ¼ 47 s).
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two-particle cluster at a later time following cessation of
flow, after which the meniscus has sufficiently relaxed and
the interparticle distance is close to the initial separation.
Figure 8(c) shows the interparticle separation C as a function
of time for both the deformation and relaxation phase of the
two-particle cluster. The red dashed line marks the instant in
time when the flow is turned off, which defines the start time
of the relaxation experiment. Equation (45) is solved numeri-
cally to determine D* as a function of time using the RK4
method, and the results are compared with three different
relaxation experiments. As described in Sec. III, the dimen-
sionless dispersion energy εc [Eq. (40)] is used as a fitting
parameter, and a nonlinear least squares analysis is used to
fit the experimental data to the analytical solution. Here,
εc ¼ 0:25, which validates our choice of εLJ to be of the
order of the characteristic surface energy σR2. Generally, the
dispersion energy for soft sphere potential is chosen to be of
the order of kBT in the literature [47–49]. However, the
model required a slightly stronger magnitude repulsion to
prevent particles from passing into each other. Because the
characteristic surface energy for the system is σR2 � 109

kBT , εLJ was taken to be of a similar order as σR2. The dis-
tance C0 at which the potential energy VLJ is zero [Eqs. (35)
and (36)] is C0 ¼ 105 μm for the model. The dimensionless
quantities are converted back to their dimensional forms for
direct comparison with experiments (Fig. 9). Our results gen-
erally show good agreement between experiments and the
analytical model for particle cluster relaxation following ces-
sation of extensional flow. Transient relaxation data are
plotted until the cluster has relaxed to a final C value within
2% of the initial C value at time t ¼ 0 in Fig. 8(c).

Cluster relaxation experiments clearly show two different
regimes of relaxation dynamics. In particular, cluster relaxa-
tion begins with a rapid retraction of the liquid bridge that

eventually transitions into a second, slower relaxation regime
(Fig. 9). At relatively large particle separations (D=R . 0:2),
the cluster relaxation process is dominated by the capillary
force, leading to rapid relaxation (i.e., the far-field case).
However, in the second regime (i.e., the near-field case),
lubrication forces begin to play a role, and the particles expe-
rience a resisting force from the thin liquid film between the
particle surfaces, leading to much slower relaxation. To quan-
tify this behavior, we define a characteristic relaxation time
tcap for the capillary relaxation mode (first regime) as the
time required for 75%–80% of the relaxation to occur. Using
the analytical model, we find tcap ¼ 5:7 s (denoted by the red
arrow in Fig. 9), which is only � 9:5% of the total relaxation
time.

V. DISCUSSION

In this work, we investigate the dynamics of meniscus-
bound two-particle clusters in extensional flow using an
automated flow-based technique known as the Stokes trap. In
all cases, the experimental results are complemented with
analytical models. Our results show that during the breakup
process, clusters begin by aligning along the principal axis of
extension in planar extensional flow, followed by deforma-
tion of the liquid bridge and eventual breakup after the
meniscus has stretched into a thin thread. The breakup time
is affected by several forces and parameters, and the overall
breakup process is well described by the analytical model.
The interplay between the hydrodynamic drag force, capillary
force, lubrication force, and interparticle HI is crucial in
determining the breakup dynamics of these clusters. In
general, the experimental data are in good agreement with
results from the analytical model. Using the cluster breakup
analytical model, we derive an expression to predict the criti-
cal capillary number Cacrit in terms of the contact angle,
initial particle separation, and the liquid bridge volume for
cluster breakup in planar extensional flow. Cluster breakup
time is also quantified as a function of Ca and V , and the
dimensionless breakup time t*rupture is plotted against Ca for
various values of V . Our results show that larger Ca and
smaller V values lead to smaller breakup times, whereas
smaller Ca and larger V values result in longer breakup
times. The relaxation dynamics of two-particle clusters were
further characterized under zero-flow conditions. Our results
show that cluster relaxation is a dual-mode process with the
first, faster relaxation mode dominated by capillary forces,
and a second, slower mode dominated by the lubrication
force. An analytical model is developed for cluster relaxation,
and good agreement is obtained between experiments and
predictions from the analytical model.

The microscopic behavior of particle clusters is expected
to directly influence the macroscopic properties of capillary
suspensions. In this work, we focus on the case of two-
particle clusters, which are the basic unit of capillary suspen-
sions and hence provide a useful starting point for under-
standing the dynamic behavior of these systems. In practice,
capillary suspensions are comprised of heterogeneous parti-
cle clusters containing a distribution of particle numbers
(N ¼ 2, 3, 4, 5, . . .). In our experiments, we observe that

FIG. 9. Center-to-center distance C plotted as a function of time for cluster
relaxation under zero-flow conditions. Experimental data is plotted for three
different cluster relaxation experiments and is compared with the analytical
model obtained by numerically solving the first-order differential equation
for cluster relaxation (Sec. III). Our results show two modes of relaxation: an
initial fast mode, dominated by the capillary force, and a second, slower
mode dominated by lubrication forces. In solving the analytical model, the
initial value for D is chosen to be D0 ¼ 22 μm to match experiments. The
contact angle is θ ¼ 50� and the meniscus volume V � 2000 μm3.
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multiparticle clusters consisting of larger numbers of parti-
cles (N . 2) generally break up in a stepwise fashion until a
two-particle doublet remains and is (itself ) eventually broken
up in flow. For these reasons, the determination of a critical
capillary number Cacrit for the case of two-particle cluster
breakup in extensional flow provides fundamentally new and
useful insights into the processing conditions at which capil-
lary suspensions can be mixed without breaking liquid
bridges, thus informing industrial operations by understand-
ing the micromechanics of particle clusters.

In extensional flow, bulk stress in a capillary suspension
is expected to rise as the accumulated fluid strain increases
and liquid bridges are stretched, at least until the liquid
bridge connections are broken. Following cluster breakup, a
decrease in the bulk stress is expected as the liquid bridges
can no longer resist deformation, and individual, noncon-
nected particles begin to move affinely with the flow. From
this view, our work will help to inform the macroscopic
properties and processing conditions of capillary suspensions
to either promote or avoid breakup. Nevertheless, the macro-
scopic properties of a bulk capillary suspension will result
from the cluster and volume-averaged behavior, and in prac-
tice, we expect a broad distribution of particle cluster sizes
and cluster compositions (N ¼ 2, 3, 4, 5, . . .) in addition to
a distribution of time scales at which the breakup behavior
occurs due to different initial conditions (e.g., different initial
orientation or cluster spatial conformation). For these
reasons, the micromechanical behavior of particle clusters is
not expected to map in a precise “one-to-one” manner to the
bulk scale behavior of capillary suspensions. In an analogous
manner, the coil-stretch transition of flexible polymers is pre-
dicted to occur at a critical dimensionless flow strength
(Weissenberg number, Wi ¼ 0:5) [50], which has been vali-
dated using single-molecule experiments [51–53]. However,
polydispersity in polymer molecular weight leads to a
“smearing out” of the sharpness of the transition when mea-
sured using bulk methods [54].

In dilute suspensions of fibers or flexible polymers (e.g.,
dumbbells), large viscous or elastic stresses can arise in
extensional flows. Analogously, liquid bridge stretching is
expected to give rise to increased stresses in capillary suspen-
sions before breaking at a critical flow strength. Prior work
focusing on breakup or deformation of Newtonian or
non-Newtonian liquid drops was greatly informed by seminal
work on individual droplets (as opposed to bulk experiments)
from Taylor, Leal, and others [28–31]. A few bulk-scale
experiments on liquid drop suspensions include work from
Jansen et al. [55], who experimentally studied critical condi-
tions for drop breakup in an emulsion undergoing shear flow.
Results from this work showed an increased tendency for
drop breakup in concentrated suspensions, which could be
explained by a mean-field model treating the emulsion as a
continuum with a larger effective viscosity than the suspend-
ing fluid. In 2010, Kaur and Leal [56] studied drop deforma-
tion and breakup in a concentrated suspension of
refractive-index-matched PMMA particles in planar exten-
sional flow. Here, the effect of many-body interactions on
drop deformation was studied, revealing that the average
deformation in the suspension increases with increasing

particle concentration due to an increased stress resulting
from hydrodynamic interactions of particles. By drawing
inspiration from these studies, when moving to more concen-
trated capillary suspensions, we might expect similar behav-
ior in terms of an effective viscosity, critical flow strengths,
and average stress in capillary suspensions. However, we
caution that deriving more accurate relations between critical
flow strength, cluster relaxation times, and suspension rheo-
logical properties will require rigorous quantitative analysis
involving inter-cluster interactions and network formation,
which are far beyond the scope of this study.

Overall, our work provides a new understanding of the
dynamics and behavior of cluster breakup and relaxation for
freely suspended particle clusters in extensional flow, which
can be used to inform the processing of capillary suspensions
for improved design of mixing operations.
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